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Nonlinear Asymmetric Dynamic Buckling
of Isotropic/Laminated Orthotropic Spherical Caps

M. Ganapathi,¤ S. S. Gupta,† and B. P. Patel‡

Institute of Armament Technology, Pune 411 025, India

Here, the nonlinear dynamic behavior of clamped isotropic/laminated composite spherical caps under suddenly
applied loads is studied using a three-noded axisymmetric curved shell element based on � eld consistency approach.
The formulation is based on � rst-order shear deformation theory, and it includes the in-plane and rotary inertia
effects. Geometric nonlinearity is introduced in the formulationusing von Karman’s strain-displacement relations.
The governing equations obtained are solved employing the Newmark’s integration technique coupled with a
modi� ed Newton–Raphson iteration scheme. The load beyond which the maximumaverage displacement response
shows signi� cant growth in the time history of the shell structure is taken as dynamic buckling pressure. The
present model is validated against the availableanalytical solutions and also with the results evaluated using three-
dimensional � nite element method. A detailed parametric study is carried out to bring out the effects of shell
geometries, orthotropicity, and the number of layers in the cross-ply laminates on the axisymmetric/asymmetric
dynamic buckling load of shallow spherical shells.

I. Introduction

T HIN spherical shells form an important class of structural
components, with many signi� cant applications in engineer-

ing � elds. These shells subjected to dynamic load could encounter
de� ections of the order of the thickness of the shell. The dynamic
response of such shells can lead to the phenomenon of dynamic
snapping or dynamic buckling. Because these kinds of responses
cannot be determined accurately using small displacement theory,
nonlineardynamic analysis is required, and such study has received
considerableattention in the literature. However, most of the avail-
able works are related to axisymmetric behavior of homogeneous,
isotropic, or single-layeredorthotropic spherical shells subjected to
the step pressure load of in� nite duration. The present tendency to
use � ber-reinforced composite materials for the structural compo-
nents necessitates the analysis of shells made up of layers of such
materials, leading to anisotropic behavior. Moreover, quite often,
the asymmetric modes of these shells might be excited as a result of
the introductionof slight deviation in perfectaxisymmetric loading,
geometric imperfection, and/or initial displacement/velocity to the
shells. The anisotropic material properties coupled with the asym-
metric structural behavior render the failure analysis of these shells
quite complex. Hence, there is a growing appreciation of the im-
portance of studying the dynamic response, in particular, dynamic
bucklingof laminatedcompositesphericalshellsand has constituted
a major � eld of research in structural mechanics.

First, a brief review of important contributionsto the axisymmet-
ric dynamic snap-through buckling of spherical case is presented
here. The analysis of isotropic shallow spherical shells has been
carried out by Budiansky and Roth,1 Simitses,2 Huang,3 Stephens
and Fulton,4 Ball and Burt,5 and Stricklinand Martinez.6 Budiansky
and Roth1 have employed the Galerkin method, whereas Simitses2

adoptedthe Ritz–Galerkinprocedure.A � nite differenceschemehas
been introducedin the method of solutionby Huang,3 Stephens and
Fulton,4 andBall andBurt,5 whereasStricklinandMartinez6 utilized
a more ef� cient � nite element procedure. The effect of geometric

Received 16 May 2002; revision received 20 December 2002; accepted
for publication 5 January 2003. Copyright c° 2003 by the American In-
stitute of Aeronautics and Astronautics, Inc. All rights reserved. Copies of
this paper may be made for personal or internal use, on condition that the
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc.,
222 Rosewood Drive, Danvers, MA 01923; include the code 0001-1452/03
$10.00 in correspondence with the CCC.

¤Professor, Guided Missiles Faculty, Girinagar.
†Scientist, Mechanical Engineering Faculty, Girinagar.
‡Professor, Mechanical Engineering Faculty, Girinagar.

imperfectionon the dynamic buckling load, by employingbuckling
criterionbasedon the displacementresponse,is investigatedby Kao
and Perrone7 and Kao8 based on � nite difference method, whereas
recentlySaigal et al.9 and Yang and Liaw10 analyzedusing the � nite
element technique.Lock et al.11 have carried out experimentalstudy
onbucklingof shell.The studyof axisymmetricdynamicbucklingof
compositesphericalshellshas beenrather limitedand is mainly con-
cerned with the single-layered orthotropic shallow spherical shells
using classical laminationtheory,12¡15 exceptthe work of Ganapathi
and Varadan.16 Alwar and Sekhar Reddy12 and Dumir et al.14 have
examined the problem using the method of orthogonal collocation,
whereas Chao and Lin15 have obtained the critical loads based on
� nite differencescheme including the in� uence of geometric imper-
fection.Ganapathi and Varadan16 have solved the dynamicbuckling
of laminated composite spherical caps subjected to in� nite and � -
nitepulse loadingemployingsheardeformationtheorycoupledwith
� nite element technique.

Next, for the asymmetric dynamic bucklingof isotropic spherical
shells, the available studies in the literature that are very few are
cited here. Stricklin and Martinez,6 Stricklin et al.,17 and Ball and
Burt5 have assumed imperfectionin the step load to excite the asym-
metric modes and presented results for a shell geometry with few
asymmetric modes. Klosner and Longhitano,18 while obtaining the
response of dynamically loaded spherical shells, have considered
an asymmetric initial velocity to the shell but numerical results are
not presented for the dynamic buckling loads; Akkas19 has exam-
ined the asymmetric dynamic buckling behavior of spherical caps
by perturbing few asymmetric modes through the initial displace-
ment and presented very limited results based on the response of
asymmetric part of the displacement. It can be inferred that the
effect of asymmetric modes of spherical shell with step load of in-
� nite duration on the dynamic buckling characteristicscould not be
well established with a few available reports in comparison with
axisymmetric dynamic buckling case. Furthermore, because of the
low transverse shear moduli of advanced composite materials rela-
tive to their in-plane moduli transverse shear deformation could be
signi� cant even in thin composite structures compared to homoge-
neous isotropic materials. Hence, it is more appropriate to analyze
the dynamics of composite structures including shear deformation
and rotary inertia. However, to the authors’ knowledge, work on
the asymmetric dynamic buckling behavior of laminated composite
sphericalshellsunder externallyappliedpressureseems to be scarce
in the literature.

Here, a three-noded shear � exible axisymmetric curved shell el-
ement based on semi-analyticalapproach and the � eld-consistency
principle20;21 is extended to analyze the axisymmetric/asymmetric
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dynamic buckling of laminated composite spherical caps under an
externally applied pressure load. Field consistency is a systematic
approach to eliminate spurious constraints causing shear and mem-
brane lockingwhen the shear � exible element is applied to thin situ-
ation. Geometric nonlinearity is assumed in the present study using
von Kármán’s strain-displacement relations. In addition, the for-
mulation includes in-plane and rotary inertia effects. The nonlinear
governingequationsderivedare solvedemployingNewmarknumer-
ical integration method in conjunction with the modi� ed Newton–

Raphson iteration scheme. For the axisymmetric case the dynamic
bucklingpressure is takenas the pressurecorrespondingto a sudden
jump in the maximum average displacement in the time history of
the shell structure,1;22 whereas it corresponds to the threshold value
of pressure beyond which the asymmetric component of displace-
ment response of shell shows signi� cant growth rate with time.19;23

Numerical results are presented for isotropic, orthotropic, and lam-
inated cross-ply shallow spherical caps and are compared with the
availablesolutionsor thoseof evaluatedbased on three-dimensional
� nite element analysis. A detailed investigation is carried out to
bring out the in� uences of number of layers, geometric parameters,
and different asymmetric modes of excitationon the dynamic buck-
ling characteristicsof clamped spherical shells.

II. Formulation
An axisymmetric laminated composite shell of revolutionis con-

sidered with the coordinates s, µ , and z along the meridional, cir-
cumferential,and radial/thicknessdirections,respectively,as shown
in Fig. 1. The displacements u, v, w at a point (s, µ , z) from the
median surface are expressed as functions of middle-surface dis-
placements uo , vo , and wo, and independent rotations ¯s and ¯µ of
the meridional and hoop sections, respectively, as

u.s; µ; z; t/ D uo.s; µ; t/ C z̄ s .s; µ; t/

v.s; µ; z; t/ D vo.s; µ; t/ C z¯µ .s; µ; t/

w.s; µ; z; t/ D wo.s; µ; t/ (1)

where t is the time.
Using the semianalytical approach, uo, vo , wo , ¯s , and ¯µ are

represented by a Fourier series in the circumferential angle µ . For
the nth harmonic, following the work of Refs. 24–26, these can be
written as

uo.s; µ; t/ D uo
o.s; t/ C

4X

i D 1

£
uci

o .s; t/ cos.inµ / C usi
o .s; t/ sin.inµ /

¤

vo.s; µ; t/ D vo
o.s; t/ C

4X

i D 1

£
vci

o .s; t/ cos.inµ/ C vsi
o .s; t/ sin.inµ/

¤

wo.s; µ; t/ D wo
o.s; t/ C

2X

i D 1

£
wci

o .s; t/ cos.inµ / C wsi
o .s; t/ sin.inµ/

¤

¯s .s; µ; t/ D ¯o
s .s; t/ C

2X

i D 1

£
¯ci

s .s; t/ cos.inµ / C ¯ si
s .s; t/ sin.inµ /

¤

¯µ .s; µ; t/ D ¯o
µ .s; t/ C

2X

i D 1

£
¯

ci
µ .s; t/ cos.inµ / C ¯

si
µ .s; t/ sin.inµ /

¤

(2)

Fig. 1 Geometry and the coordinate system of a spherical cap.

where the superscriptso, ci , and si refer to the amplitudesassociated
with axisymmetric, cosine, and sine terms.

The preceding displacement variations in the circumferential di-
rection are chosen according to the physics of the large-amplitude
asymmetricvibrationsof shellsof revolution,that is, participationof
axisymmetric mode and higher asymmetric modes.24¡26 Additional
terms in the in-plane displacements, compared to radial displace-
ment, are added to keep the nonlinear membrane strains consistent.

Using von Kármán’s assumption for moderately large deforma-
tion, Green’s strains can be written in terms of midplane deforma-
tions as

f"g D

(
"L

p

0

)
C

»
z"b

"s

¼
C

(
"N L

p

0

)
(3)

where the membrane strains f"L
p g, bending strains f"bg, shear strains

f"sg, and nonlinear in-plane strains f"N L
p g in Eq. (3) are written as27
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where r , R, and Á are the radius of the parallel circle, radius of the
meridional circle, and angle made by the tangent at any point in the
shell with the axis of revolution.

If fNg represents the stress resultants (Nss , Nµµ , Nsµ / and fMg
the moment resultants (Mss , Mµ µ , Msµ /, one can relate these to
membrane strains f"pg.D f"L

o g C f"N L
o g/ and bending strains f"bg

through the constitutive relations as
»

fNg
fMg

¼
D

µ
[A] [B]

[B] [D]

¶ »
f"pg
f"bg

¼
(5)

where [A]; [D], and [B] are extensional, bending, and bending–

extensionalcouplingstiffnesscoef� cientsmatricesof the composite
laminate. Similarly, the transverse shear force fQg representing the
quantities (Qsz , Qµ z ,) are related to the transverse shear strains f"s g
through the constitutive relation as

fQg D [E]f"s g (6)

where [E] is the transverse shear stiffness coef� cients matrix of the
laminate.

For a composite laminate of thickness h, consisting of N lay-
ers with stacking angles Ái (i D 1; : : : ; N / and layer thicknesses
h i .i D 1; : : : ; N /, the necessary expressions to compute the stiff-
ness coef� cients, available in the literature,28 are used here.
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The potential energy functionalU .±/ is given by

U .±/ D 1
2

Z

A

£
f"pg[A]f"pg C f"pg[B]f"bg C f"bg[B]f"pg

C f"bg[D]f"bg C f"sg[E]f"s g
¤

dA ¡
Z

A

qwo dA (7)

where ± is the vector of degrees of freedom associated to the dis-
placement � eld in a � nite element discretisationand q is the applied
external pressure load.

The kinetic energy of the shell is given by

T .±/ D 1

2

Z

A

£
p
¡

Pu2
o C Pv2

o C Pw2
o

¢
C I

¡
P̄2
s C P̄2
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dA (8)

where

p D
NX

i D 1

Z h i C 1

h i

½ i dz; I D
NX

i D 1

Z h i C 1

h i

½ i z2 dz

½ i is the mass density of the i th layer, and hi and hi C 1 are the z

coordinate of the inner and outer surfaces of the i th layer. The dot
over the variable denotes the derivativewith respect to time.

Following the procedure given in the work of Rajasekaran and
Murray,29 thepotentialenergyfunctionalU given in Eq. (7) is rewrit-
ten as

U .±/ D f±gT
£¡

1
2

¢
[K] C

¡
1
6

¢
[N1.±/] C

¡
1

12

¢
[N2.±/]

¤
f±g C f±gT fFg

(9)

where [K] is the linear stiffness matrix, [N1] and [N2] are nonlin-
ear stiffness matrices linearly and quadratically dependent on the
� eld variables, respectively,and fFg is the load vector. Substituting
Eqs. (8) and (9) in Lagrange’s equation of motion, the governing
equation for the shell are obtained as

[M]f R±g C
£
[K] C 1

2 [N1.±/] C 1
3 [N2.±/]

¤
f±g D fFg (10)

where [M] is the mass matrix.
Equation (10) is solved using the implicit method, as mentioned

by Subbaraj and Dokainish.30 In this method equilibriumconditions
are considered at the same time step for which a solution is sought.
If the solution is known at time t and one wishes to obtain the
displacements, etc., at time t C 1t , then the equilibrium equations
considered at time t C 1t are given as

[M]f R±gt C 1t C [[N.±/]f±g]t C 1t D fFgt C 1t (11)

where f R±gt C 1t and f±gt C 1t are the vectorsof the nodal accelerations
and displacements at time t C 1t, respectively. [[N.±/] f±g]t C 1t is
the internal force vector at time t C 1t and is given as

[[N.±/]f±g]t C 1t

D
¡£

[K] C
¡

1
2

¢
[N1.±/] C

¡
1
3

¢
[N2.±/]

¤
f±g

¢
t C 1t

(12)

In developing equations for the implicit integration, the internal
forces [N.±/]f±g at the time t C 1t is written in terms of the internal
forces at time t , by using the tangent stiffness approach, as

[[N.±/]f±g]t C 1t D [[N.±/]f±g]t C [KT .±/]t f1±g (13)

where [KT .±/]t D [[K] C [N1] C [N2]] is the tangentstiffnessmatrix
and f1±g D f±gt C 1t ¡ f±gt . Substituting Eq. (13) into Eq. (11), one
obtains the governing equation at t C 1t as

[M]f R±gt C 1t C [KT .±/]t f1±g D fFgt C 1t ¡ f[N.±/]f±ggt (14)

Equation (14), after introducing the Newmark’s numerical integra-
tion scheme, is rewritten as

[ OK]f1±g D f OFg (15a)

where

[ OK] D ao[M] C [KT .±/]t

f OFg D fFgt C 1t C [M]fa2f P±gt C a3f R±gt g ¡ f[N.±/]f±ggt

ao D 1=¯.1t/2; a2 D 1=¯1t; a3 D .1=2¯/ ¡ 1

(15b)

Here, the constants ® and ¯ are controlling parameters for stability
and accuracy of the solution scheme. From the displacement incre-
ment f1±g evaluatedfrom the precedingequation, the displacement
and its � rst and second derivatives (velocity and acceleration) at
t C 1t can be computed from the following expressions:

f R±gt C 1t D aof1±g ¡ a2f P±gt ¡ a3f R±gt

f P±gt C 1t D a1f1±g ¡ a4f P±gt ¡ a5f R±gt

f±gt C 1t D f±gt C f1±g (16)

where a1 D ®=¯1t; a4 D .®=¯/ ¡ 1, and a5 D .1t=2/ .®=¯ ¡ 1/.
To improve the solution accuracy and to avoid numerical insta-

bilities, it is necessary to employ iteration within each time, thus
maintaining the equilibrium. The equilibrium is achieved for each
time step throughmodi� ed Newton–Raphson iterationuntil the con-
vergence criteria suggested by Bergan and Clough31 are satis� ed
within the speci� c tolerance limit of less than 1%.

III. Dynamic Buckling Criteria
Criteria for the static buckling of axisymmetric shallow spherical

shell are well de� ned, whereas this is not so for the dynamic case.
It requires the evaluation of the transient response of the shell for
different load amplitudes.However, the dynamic buckling criterion
suggested by Budiansky and Roth1 is generally accepted because
the results obtained by various investigatorsby different numerical
techniquesusing the criterionare in reasonableagreementwith each
other.This criterionis basedon the plots of the peaknondimensional
averagedisplacementin the time historyof the structurewith respect
to the amplitude of the pressure load (e.g., see Fig. 2). The average
displacement 1 is de� ned as

1 D
R a

0
rwo dr

R a

0
r Z dr

(17)

The numerator is the volume generated by the shell deformation,
and the denominator corresponds to the original volume under the
spherical cap. Z is the height of a point on the middle surface of

Fig. 2 Average displacement vs nondimensional time for isotropic
spherical cap (¸ = 7, axisymmetric case).
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Fig. 3 Average displacement vs nondimensional time for isotropic
spherical cap (¸ = 7, asymmetric case with n = 3).

the shell. There is a load range where a sharp jump in peak average
displacement occurs for a small change in load magnitude. The
in� ection point of the load-de� ection curve is considered as the
dynamic buckling load.

For asymmetric dynamic buckling analysis of spherical shells,
there is no well-understood and generally accepted criterion avail-
able so far. Furthermore, the available numerical results to obtain a
reasonableconclusionon the criterionare very few, compared to the
axisymmetric case. The criterion adopted by Fulton and Barton22

and Akkas19 is somewhat similar to that of the axisymmetric case.
It is based on the plots of the peak nondimensional average asym-
metric component of the displacement in the time history of the
structure against the amplitude of the pressure load. However, as
there is no occurrence of a sudden jump in peak average displace-
ment associated with asymmetric part of the deformation over a
load range, the load corresponding to the in� ection point on the
load-de� ection curve beyond which the asymmetric part of the dis-
placement response reveals signi� cant growth rate is consideredas
dynamic buckling load (e.g., see Fig. 3).

IV. Element Description
The element employed here is a three-noded Co continuous

shear � exible axisymmetric element with 33 degrees of freedom
(uo

o; uc1
o ; us1

o ; uc2
o ; us2

o ; uc3
o ; us3

o ; uc4
o ; us4

o ; vo
o ; v
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o ; v
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o ; v
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o ; v
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o ; v
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o ; v

s3
o ,

v
c4
o ; v

s4
o ; wo

o ; w
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o ; w
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o ; w

c2
o ; w

s2
o ; ¯o

s ; ¯
c1
s ; ¯

s1
s ; ¯

c2
s ; ¯

s2
s ; ¯o

µ ; ¯
c1
µ ; ¯

s1
µ ,

¯
c2
µ ; ¯

s2
µ / per node, that is, from Eq. (2). The � eld variables are ex-

pressed in terms of their nodal values using shape functions as
¡
uo

o; uc1
o ; us1

o ; : : : ; ¯
s1
µ ; ¯

c2
µ ; ¯

s2
µ

¢

D
3X

i D 1

NN 0
i

¡
uo

oi ; uc1
oi ; us1

oi ; : : : ; ¯
s1
µ i ; ¯

c2
µ i ; ¯

s2
µ i

¢
(18)

where NN 0
1 D .» 2 ¡ »/=2, NN 0

2 D .1 ¡ » 2/, NN 0
3 D .» 2 C »/=2; » is the

localmeridionalcoordinateof the element.Here, NN 0
i are the original

shape functions.
If the interpolation functions for three-noded element are used

directly to interpolate the 33 � eld variables .uo
o; uc1

o ; us1
o ; : : : ; ¯

s1
µ ;

¯
c2
µ ; ¯

s2
µ / in deriving the transverse shear and membrane strains,

the element will lock and show oscillations in the shear and
membrane stresses. Field consistency requires that the membrane
and transverse shear strains must be interpolated in a consis-
tent manner. Thus, while substituting the variable ¯s [de� ned
in Eq. (2)] in the expression for f"s g given in Eq. (4) the
terms ¯o

s ; ¯
c1
s ; ¯

s1
s ; ¯

c2
s ; ¯

s2
s have to be consistent with � eld func-

tions @wo
o=@s; @w

c1
o =@s; @w

s1
o =@s; @w

c2
o =@s; @w

s2
o =@s, respectively,

as shown in the works of Balakrishna and Sarma,20 Ganapathi

et al.,21 and Prathap and Ramesh Babu.32 Similarly, while substi-
tuting the variables wo and (uo and vo/ in Eq. (4) for membrane
strain f"L

p g expressions, the terms (wo
o; w

c1
o ; w

s1
o ; w

c2
o ; w

s2
o / and

[.uo
o; uc1

o ; us1
o ; : : : ; uc4

o ; us4
o / and (vo

o ; v
c1
o ; v

s1
o ; : : : ; v

c4
o ; v

s4
o /] have

to be consistent with the � eld functions (@uo
o=@s; @uc1

o =@s;
@us1

o =@s; : : : ; @uc4
o =@s; @us4

o =@s/ and (@vo
o=@s; @v

c1
o =@s; @v

s1
o =@s;

: : : ; @v
c4
o =@s; @v

c4
o =@s/, respectively, depending on the strain com-

ponents. This is achieved by using the � eld redistributed substitute
shape functions to interpolate those speci� c terms that must be con-
sistent as described by Prathap and Ramesh Babu.32 The substitute
interpolation functions obtained using method of least squares are
given as

NN 1
1 D

¡
1
3

¡ »
¢¯

2; NN 1
2 D 2

3 ; NN 1
3 D

¡
1
3

C »
¢¯

2 (19)

where NN 1
1 , NN 1

2 , and NN 1
3 are consistent with NN 0

1;» ; NN 0
2;» , and NN 0

3;» ;
respectively.

The element derived in this fashion behaves very well for both
thick and thin situations and permits the greater � exibility in the
choice of integrationorder for the energy terms. It has good conver-
gence and has no spurious rigid modes.

V. Results and Discussion
The study here has been concerned with axisymmetric/

asymmetric dynamic buckling behavior of clamped isotropic/
laminatedcompositesphericalcaps.Because the � nite elementused
here is based on the � eld consistencyapproach,an exact integration
is employed to evaluate all of the strain-energy terms. The shear
correctionfactor, which is required in a � rst-order theory to account
for the variation of transverse shear stresses, is taken as 5

6
. For the

presentanalysis, based on progressivemesh re� nement, 15-element
idealization is found to be adequate in modeling the spherical caps.
The initial conditions for the nonlinear axisymmetric dynamic case
are assumed as zero values for the displacements and velocities,
whereas for the asymmetric dynamic response analysis nonzero
values for displacements and zero values for the velocities are con-
sidered. The initial nonzero displacement vectors are assumed to
be proportional to the normalized linear � exural asymmetric mode
vectors and then scaled up by multiplying the mode vectors with
a very small value for the perturbation of asymmetric mode of the
spherical shell. From the dynamic response curves the load ampli-
tudes and the corresponding maximum average displacements are
obtained for applying the bucklingcriteria.The constants® and ¯ in
Newmark’s method are taken as 0.5 and 0.25, which correspond to
the unconditionallystable scheme in linear analysis. Because there
is no estimate of the time step for the nonlinear dynamic analy-
sis available in the literature, the critical time step of conditionally
stable � nite difference schemes33;34 is introduced as a guide, and a
convergencestudy was conducted to select a time step that yields a
stable and accurate solution.

The material properties assumed in the present analysis are as
follows.

Isotropic case:

E D 210 GPa; º D 0:3; ½ D 7800 kg/m3

Orthotropic case:

EL =ET D 25:0; GLT=ET D 0:5; GTT=ET D 0:2

ºLT D 0:25; ET D 1 GPa; ½ D 1500 kg/m3

where E , G, and º are Young’s modulus, shear modulus, and
Poisson’s ratio. Subscripts L and T are the longitudinal and trans-
verse directions respectively with respect to the � bers. All of the
layers are of equal thickness. The ply angles are measured with
respect to the meridional axis.

The clamped boundary conditions at the base of the cap are
taken as
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uo
o D uc1

o D us1
o D uc2

o D us2
o D uc3

o D us3
o D uc4

o D us4
o D vo

o

D vc1
o D vs1

o D vc2
o D vs2

o D vc3
o D vs3

o D vc4
o D vs4

o D 0

wo
o D wc1

o D ws1
o D wc2

o D ws2
o D ¯o

s D ¯c1
s D ¯s1

s D ¯c2
s

D ¯s2
s D ¯o

µ D ¯
c1
µ

D ¯
s1
µ

D ¯
c2
µ

D ¯
s2
µ

D 0 (20)

The results of nondimensional dynamic pressure Pcr are presented
for isotropic, orthotropic, and cross-ply laminates for different val-
ues of the geometrical parameter ¸. Pcr and ¸ are given by

Pcr D 1
8 [3.1 ¡ º2/]

1
2 .h=H /2.qa4=Eh4/ (21)

¸ D 2[3.1 ¡ º2/]
1
4 .H=h/

1
2 (22)

Here, H and a are the central shell rise and base radius, respec-
tively. E and º correspond to the isotropic case. For the chosen
shell parameter and lamination scheme the dynamic buckling study
is conducted for step loading of in� nite duration. The length of
response calculation time ¿ fD

p
.Eh2=[12.1 ¡ º2/½a4]/tg in the

present study is varied between one and two with the criterion
that in the neighborhood of the buckling ¿ is large enough to al-
low de� ection–time curves to fully develop.The time step selected,
based on the convergence study, is ±¿ D 0:002. The value selected
for ¿ and ±¿ is of the same order as that of Ball and Burt,5 Chao and
Lin,15 and Kao and Perrone.7

Before proceeding for the detailed study of the nonlinear asym-
metric dynamic bucklingcharacteristics,the formulationdeveloped
herein is validated against the axisymmetric buckling of isotropic
sphericalshellssubjectedto uniformexternalpressureof in� nite du-
ration. The nonlinear axisymmetric dynamic response history with
time for the geometric shell parameter ¸ D 7 is shown in Fig. 2
for different externally applied pressures. Further, using such plots,
the variation of maximum average displacement with applied load
obtained for ¸ D 7 is also highlighted in Fig. 2 for predicting the
critical load. The critical dynamic pressures calculated for various
geometrical parameter values are presented in Fig. 4 along with
those of available analytical/numerical results,3;4;12;16 and they are,
in general, found to be in good agreement.

Next, for the isotropic spherical caps, considering different val-
ues for the geometrical parameter ¸, the dynamic buckling loads
are evaluated based on asymmetric nonlinear dynamic response of
shells subjected to externally applied pressure. This study is car-
ried out perturbingthe differentasymmetricmodes (circumferential
wave number n). Figure 3 exhibits the dynamic response pattern of
average asymmetric displacement component of shell (¸ D 7) with
time and, in turn, the variation of maximum average displacement
with applied loads. The in� uence of various asymmetric modes on

Fig. 4 Comparison of axisymmetric nondimensional critical load for
isotropic spherical cap.

the critical dynamic load is also investigated and depicted in Fig. 5.
It is revealed from Fig. 5 that the resultsavailablein the literature5;19

are in fairlygoodagreementwith the presentsolutions,and thebuck-
ling criterionused in the present study is based on the growth rate of
asymmetricmode responsewith time. However, for the ¸ D 7:5 case
the present model predicts a higher value for the critical load than
those of Akkas19 and is more than those of the axisymmetric case.
Furthermore, it can be seen from Fig. 5 that this particular shell ap-
pears to be buckledin axisymmetricmode rather than in asymmetric
deformation as pointed out in the work of Stricklin and Martinez6

while examining the asymmetric mode of buckling. The predicted
axisymmetriccritical load is in fairlygoodagreementwith the avail-
able experimental result.11 It is further noticed from Fig. 5 that the
values of critical load corresponding to ¸ D 6 and 12 obtained by
Ball and Burt5 match very well with those of present results per-
taining to asymmetric mode n D 3. However, the mode numbers
reported in Ref. 5 for the shell parameter¸ D 6 and 12 are n D 2 and
5 or 6, respectively. It can also be observed from this � gure that the
present result corresponding to n D 5 is somewhat close to that of
Ref. 5. The asymmetric mode is initiated through the asymmetric
load in Ref. 5, whereas in the present study it is introducedconsid-
ering asymmetric type of initial displacement. It can be observed

Fig. 5 Nondimensional critical load (for axisymmetric and asymmet-
ric cases) vs shell geometry parameter for isotropic spherical cap.

Fig. 6 Nondimensional critical load (for axisymmetric and asymmet-
ric cases) vsshell geometryparameterforsingle-layerorthotropicspher-
ical cap.
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Fig. 7 Average displacement vs nondimensional time for two-layered
cross-ply (0/90 deg) spherical cap (¸ = 7, asymmetric case with n = 3).

Fig. 8 Nondimensional critical load (for axisymmetric and asym-
metric cases) vs shell geometry parameter for two-layered cross-ply
(0/90 deg) spherical cap.

from Fig. 5 that the axisymmetric type of dynamic buckling occurs
for very shallowshells and also for shell parameters in the transition
regionbetweenmoderatelyshallowanddeep cases.The asymmetric
buckling deformation, in general, dominates the moderately shal-
low shells under lower asymmetric modes and deep shell regions
underhighermodes. It can be further inferredthat, among the asym-
metric cases, the difference in the predictedcritical loads is high for
the shell geometricalparameter in the shallowregion,and it reduces
with the increase in the value of shell parameter. It, however, largely
depends on the perturbationof asymmetric vibration mode.

The investigation for dynamic buckling analysis of single-layer
orthotropic shells is carried out, and the results are presented in
Fig. 6. Unlike the isotropic case, it can be observed that, except for
very shallow cases, the asymmetric mode is important in predict-
ing the critical loads over a fairly wider range of shell parameters
consideredhere. For the highervalues of geometricalparameter, the
difference in the critical loads calculatedusing differentasymmetric
modes is less. The predicted asymmetric critical load is, in general,
less than those of axisymmetric cases for a wider range of geomet-
rical parameter, and the load magnitudes are also low compared to
those of isotropic case.

Similar study is made for the laminatedcross-plysphericalshells.
The dynamic response evaluated as a result of different load lev-
els for ¸ D 7 is shown in Fig. 7. From such a plot the relationship
between the maximum average displacement and applied pressure
load obtained is also depicted in Fig. 7. It is seen that there is sig-
ni� cant growth rate in the value of the average displacement when
the external pressure reaches the value Pcr D 0:00525 for the two-

Fig. 9 Nondimensional critical load (for axisymmetric and asym-
metric cases) vs shell geometry parameter for eight-layered cross-ply
(0/90 deg)4 spherical cap.

layered cross-ply spherical cap. The dynamic buckling values ob-
tained in this manner are brought out in Figs. 8 and 9 for two- and
eight-layered cross-ply spherical caps. The ef� cacy of the present
formulation is tested considering two-layered laminated shells, and
the results are in very good agreement with the three-dimensional
� nite element solution for the axisymmetric dynamic buckling case
(Fig. 8). It is revealed from Figs. 8 and 9 that the axisymmetric dy-
namic buckling load, in general, is very high compared to that of the
asymmetricbucklingcase.Becauseof bending–stretchingcoupling,
the predicted asymmetric dynamic critical loads for the two-layered
case are less compared to those of the single-layerorthotropic shell.
The in� uence of the asymmetric mode on the eight-layered cross-
ply case is qualitativelysimilar to those of two-layeredshell, but the
critical loads evaluatedare higher than those of the two-layeredcase
for the chosen circumferentialmode, as expected. It also brings out
that the variation in the buckling loads obtained based on axisym-
metric and asymmetric modes is less with the increase in number
of layers. Furthermore, the buckling trend of laminated shells in
asymmetric mode, especiallya multilayeredone, is somewhat close
to the behavior of isotropic case. In general, it can be opined that
the lowest critical dynamic buckling load of a given spherical cap
signi� cantly depends on its geometrical parameter value, number
of layers, and type of mode of excitation.

VI. Conclusions
Asymmetric dynamic buckling of clamped spherical caps, made

upof isotropic,orthotropic,and laminatedcompositematerials,sub-
jected to externally applied pressure, has been investigated through
transient dynamic response analysis. A three-noded axisymmetric
curved shell element based on the � eld consistency principle has
been employed for this purpose. Numerical results obtained here
for an isotropic case are found to be in fairly good agreement with
the previous � ndings and also with the solutions obtained using a
three-dimensional� nite elementmodel. From the detailed study the
following observations can be made:

1) For moderately shallow isotropic spherical caps the lowest
criticalpressure,in general,correspondsto asymmetricdeformation
of shells with lower circumferentialwave numbers, whereas it is at
higher asymmetric modes for deep shell cases.

2) For the orthotropic case the asymmetric modes produce the
least loads over a wider range of shell parameter compared to the
isotropic case.

3) The in� uence of asymmetric mode on the dynamic buckling
load is signi� cant for very shallow shells, but the axisymmetric
buckling mode yields the lowest critical values.

4) The difference in the buckling values predicted among various
asymmetric modes decreases rapidly with an increase in the value
of the shell parameter.
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5) The bending–stretching coupling as a result of layup, in gen-
eral, reduces the buckling loads, and the asymmetric buckling dom-
inates the failure of various shell geometric parameters considered
here.

6)With the increasein the numberof layers, thebucklingbehavior
is qualitatively similar to those of isotropic case.

7) For a given spherical cap the critical dynamic buckling load,
in general, depends on initial condition,geometrical parameter, and
layup.
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